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Abstract. We analyze the Thermodynamic Bethe Ansatz equations of the one-
dimensional half-filled Hubbard model in the “spin-disordered regime”, which is
characterized by the temperature being much larger than the magnetic energy scale
but small compared to the Mott–Hubbard gap. In this regime the thermodynamics of
the Hubbard model can be thought of in terms of gapped charged excitations with an
effective dispersion and spin degrees of freedom that only contribute entropically. In
particular, the internal energy and the effective dispersion become essentially indepen-
dent of temperature. An interpretation of this regime in terms of a putative interacting-
electron system at zero temperature leads to a metal-insulator transition at a finite
interaction strength above which the gap opens linearly. We relate these observations
to studies of the Mott–Hubbard transition in the limit of infinite dimensions.
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1. Introduction
The Mott–Hubbard metal-insulator transition in the one-band Hubbard model at half
band-filling continues to pose an intriguing problem [1, 2], even in the limit of infinite
dimensions [3, 4]. Starting from the limit of large interactions, the Mott–Hubbard gap
characterizing the insulating phase diminishes as U is lowered and eventually closes at
a finite Uc. The determination of the precise value of the latter is an unsolved problem
in infinite dimensions: The equations from Dynamical Mean-Field Theory need to be
solved numerically and the best available treatments using the Dynamical Density-
Matrix Renormalization Group method lead to conflicting results [5, 6].
Other attempts to determine Uc involve extrapolations of finite-order 1/U -expan-
sions of the Mott–Hubbard gap [7] and the ground-state energy [8], respectively. These
expansions can be carried out because the spin background is completely disordered
and one is left with finding the description of the effective motion of the charge degrees
of freedom. However, the extrapolated values for Uc obtained by such methods vary
significantly, depending on the details of the procedure.
In light of these issues it is desirable to have an example of a Hubbard-type model
with a disordered spin background which can be solved exactly. One such example is
the Falicov–Kimball model at half band-filling in the disordered phase [9]. However, its
ground-state energy turns out to have a trivial 1/U -expansion and hence is of limited
utility. Curiously, the exactly solvable one-dimensional Hubbard model [10] at half band-
filling features a spin-disordered regime at a small but finite temperature in the limit
of strong Coulomb repulsion, see Refs. [11, 12, 13]. It is then an interesting question to
analyze the physics of this regime in view of the above issues raised by the studies of
the Mott–Hubbard insulator in infinite dimensions.
Our presentation is organized as follows. In section 2 we review the thermodynamics
of the one-dimensional Hubbard model [14, 15, 16]. In section 3 we analyze the Ther-
modynamic Bethe Ansatz (TBA) equations in the spin-disordered regime and calculate
the internal energy and the effective dispersion of the charge degrees of freedom. In
section 4 we interpret these results in terms of a putative interacting-electron system at
zero temperature. We conclude in section 5.
2. Thermodynamics of the one-dimensional Hubbard model
2.1. Hubbard model and TBA equations
The Hubbard model on L lattice sites is described by the Hamiltonian
Hˆ = −t
L∑
j=1
∑
σ=↑,↓
(cˆ+j,σcˆj+1,σ + cˆ
+
j+1,σcˆj,σ) + U
L∑
j=1
(nˆj,↑ − 1/2)(nˆj,↓ − 1/2) .(1)
In the following we define u = U/(4t) and set t = 1 as our energy unit. Periodic
boundary conditions apply, and the kinetic energy is diagonal in momentum space with
the bare dispersion ǫ(k) = −2 cos k.
One-dimensional Hubbard model in the spin-disordered regime 3
The ‘Thermodynamic Bethe Ansatz (TBA) equations’ describe the ratios of the
distributions of hole and particle excitations in thermal equilibrium at temperature T ,
chemical potential µ and magnetic field B ([14], eq. (5.60)-(5.65) of [10])
ln ζ(k) = − 2 cos k
T
− 4
T
∫ ∞
−∞
dΛ s(sin k − Λ)Re
[√
1− (Λ− iu)2
]
+
∫ ∞
−∞
dΛ s(sin k − Λ) ln
(
1 + η′1(Λ)
1 + η1(Λ)
)
, (2)
ln η1(Λ) = s ∗ ln(1 + η2)|Λ −
∫ pi
−pi
dk cos(k)s(Λ− sin k) ln[1 + 1/ζ(k)] ,
ln ηn(Λ) = s ∗ ln(1 + ηn+1)(1 + ηn−1)|Λ for n ≥ 2 , (3)
and likewise for η′n(Λ) with 1/ζ(k) replaced by ζ(k). The convolution operation is
defined by
s ∗ f |x =
∫ ∞
−∞
dy s(x− y)f(y) ,
s(x) =
1
4u cosh(πx/(2u))
=
∫ ∞
−∞
dω
2π
exp (−iωx)
2 cosh(ωu)
. (4)
The “boundary conditions” are
lim
n→∞
ηn(Λ)
n
=
2B
T
, lim
n→∞
η′n(Λ)
n
= −2µ
T
. (5)
2.2. Free-energy density and internal energy
In terms of the distribution functions ζ(k) and η1(Λ) the free-energy density can be cast
into the form (see eq. (5.69) of [10])
f(T ) = e0−µ−T
∫ pi
−pi
dkρ0(k) ln(1+ζ(k))−T
∫ ∞
−∞
dΛσ0(Λ) ln(1+η1(Λ)) , (6)
where e0 denotes the ground-state energy of the one-dimensional Hubbard model at half
band-filling, see eq. (66). Here, the root densities σ0(Λ) and ρ0(k) are given by
σ0(Λ) =
∫ ∞
−∞
dω
2π
J0(ω) exp(−iωΛ)
2 cosh(ωu)
,
ρ0(k) =
1
2π
+ cos k
∫ ∞
−∞
dω
2π
J0(ω) exp(−iω sin k)
1 + exp(2u|ω|) , (7)
and Jn(x) are nth-order Bessel functions. With the help of (2) we can transform the
free-energy density (6) into the form (see eq. (4.21) of [16])
f(T ) ≡ C − Tα(T )− Tβ(T ) , (8)
C = 4
∫ ∞
−∞
dΛσ0(Λ)Re
[√
1− (Λ− iu)2
]
− u− µ = −e0 − µ , (9)
α(T ) =
∫ pi
−pi
dkρ0(k) ln(1 + 1/ζ(k)) , (10)
β(T ) =
∫ ∞
−∞
dΛσ0(Λ) ln(1 + η
′
1(Λ)) . (11)
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With the help of (8) the internal energy
e(T, u) = f(T )− T ∂f(T )
∂T
(12)
can be expressed as
e(T, u) = C + T 2
(
∂α(T )
∂T
+
∂β(T )
∂T
)
. (13)
3. The spin-disordered limit
3.1. Definition of the limit
In the following we consider the TBA equations in the regime
J ≪ T ≪ ∆ (14)
for B = 0 and µ = 0, i.e., the half-filled Hubbard chain in zero magnetic field. Here,
J(U/t→∞) = 4t2/U is the coupling strength for the spin degrees of freedom, and ∆ is
the gap for charge excitations, ∆(U/t→∞) = U − 4t. The inequalities (14) imply that
1
UT
≪ 1 , exp
(
−U
T
)
≪ 1 . (15)
In this limit, the spin degrees of freedom are ‘hot’, i.e., the charge degrees of freedom
move in a random spin background.
J
e(T)
e0 T
e
∆
Figure 1. Internal energy as a function of temperature for the Hubbard model at half
band-filling and large interactions.
The qualitative dependence of the internal energy as a function of temperature is
shown in Fig. 1. In the temperature range given by (14) the internal energy is essentially
independent of temperature because the spin degrees of freedom contribute maximally
to the internal energy whereas there are exponentially few charge excitations.
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3.1.1. Charge sector We define the dressed energy for charge excitations by
κ(k, u, T ) = T ln(ζ(k)) . (16)
We will see that, in the spin-disordered regime, the dressed energy has an expansion of
the form
κ(k, u, T ) =
∞∑
m=0
(
1
uT
)m
κ(m)(k, u) +O(e−u/T ) . (17)
The leading term in this expansion is temperature independent, negative and of order
O(u). Hence
ζ(k) = O(e−u/T )≪ 1 , (18)
ln(1 + 1/ζ(k)) = − ln(ζ(k)) +O(e−u/T ) . (19)
Equation (19) leads to a significant simplification of the TBA equations.
3.1.2. k-Λ Strings Neglecting terms of order O(e−u/T ), the TBA equations for k-Λ
strings take the form
ln η′n(Λ) = s ∗ ln(1 + η′n+1)(1 + η′n−1)
∣∣∣
Λ
, (20)
where we define η′0(Λ) = 0. The solution to (20) under the boundary conditions (5)
with µ = 0 is [14]
η′n(Λ) = (n+ 1)
2 − 1 . (21)
The corrections to η′ are of order exp
(
exp(−u/T )
)
.
3.1.3. Λ Strings Neglecting terms of order O(e−u/T ), the TBA equations for Λ strings
take the form
ln ηn(Λ) = s ∗ ln(1 + ηn+1)(1 + ηn−1)|Λ , (22)
where we define
η0(Λ) = exp
(
− 4
T
Re
√
1− Λ2
)
− 1 . (23)
The solution to (22) under the boundary conditions (5) with B = 0 can be obtained by
iterative linearization, as shown in Ref. [16]. The starting point is the solution η(0)n to
the equations (22) with η0 = 0, i.e.,
η(0)n (Λ) = (n+ 1)
2 − 1 . (24)
One then linearizes (22) around the solution (24) by writing ηn = η
(0)
n + η
(1)
n (for n ≥ 1)
and keeping only the terms linear in η(1)n . This gives the following set of linear integral
equations
η(1)n
η
(0)
n
= s ∗ η
(1)
n−1
1 + η
(0)
n−1
+ s ∗ η
(1)
n+1
1 + η
(0)
n+1
. (25)
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The boundary conditions are given by (5) and
η
(1)
0 (Λ) = −
4
T
Re
√
1− Λ2 . (26)
The set of linear integral equations (25) can be solved by Fourier transform [16]. We
find
η(1)n (Λ) =
2(n+ 1)n
T
Re
[√
1− (Λ− iu(n+ 2))2
]
− 2(n+ 1)(n+ 2)
T
Re
[√
1− (Λ− inu)2
]
= O
(
1
uT
)
. (27)
We see that we have
|η(1)1 (Λ)| ≪ η(0)1 (Λ) = 3 , (28)
as required.
3.2. Dressed energy of the charge degrees of freedom
Combining the results for η1(Λ) and η
′
1(Λ) we obtain
ln
[
1 + η′1(Λ)
1 + η1(Λ)
]
≈ −1
4
η
(1)
1 (Λ) . (29)
Substituting this back into (2) we obtain the first term of the expansion (17)
κ(0)(k, u) = −2 cos k − 2u− 1
2
∫ ∞
−∞
dω
ω
J1(ω)e
iω sinke−2u|ω| . (30)
Crucially, the contributions of η1 and η
′
1 to ζ(k) do not feed back into the integral
equations for ηn and η
′
n. The reasons for this are that
(i) the corrections do not change the fact that ζ is O(exp(−u/T )) and terms involving
ln(1 + ζ(k)) can therefore be dropped from the TBA equations;
(ii) the corrections to ln(ζ) depend only on sin(k) and therefore do not contribute to∫ pi
−pi
dk cos(k) s(Λ− sin k) ln[ζ(k)] . (31)
The result (30) should be compared to the corresponding expression at zero temperature,
see eq. (7.10) of [10],
κ0(k, u) = −2 cos k − 2u− 2
∫ ∞
−∞
dω
ω
J1(ω)e
iω sink 1
1 + exp(2|ω|u) . (32)
Performing the integral in (30) we finally find (u = U/4)
κ(0)(k, U) = ǫ(k)− 1
2
√
2
√
[ǫ(k)]2 + U2 +
√
[ǫ(k)2 − U2]2 + (4U)2 , (33)
where ǫ(k) = −2 cos k is the bare dispersion.
The interesting point is that κ(0)(k) 6= κ0(k) despite the fact that T ≪ |κ0(k)|.
The reason for this is that spin and charge degrees of freedom are still coupled in the
One-dimensional Hubbard model in the spin-disordered regime 7
Hubbard model. This is obvious from the TBA equations and also from the known
scattering matrix of elementary excitations [17], see Chap. 7.4 in [10]. We note that
the modification of the dressed energy of the charge degrees of freedom by the spin
sector is a general characteristic of the spin-disordered regime. In the asymptotic low-
energy regime, spin and charge degrees of freedom decouple quite generically for one-
dimensional interacting-electron systems. However, on the scale of the temperature in
the spin-disordered regime such a decoupling no longer holds. This in turn is expected
to lead to modifications in non-universal physical properties such as the charge velocity.
Our result is in agreement with this expectation which we note equally applies to a less
than half-filled band.
3.3. Dressed momentum of the charge degrees of freedom
The total momentum in thermal equilibrium is equal to zero by virtue of translational
invariance. In order to determine the dressed momentum of our charge excitation, we
start from the expression for the contribution of a charge excitation with real k’s to the
total momentum [18] (see (5.97) and (5.38) of [10])
p(k) = k +
∞∑
n=1
∫ ∞
−∞
dΛθ
(
sin k − Λ
nu
)
[σ′pn (Λ) + σ
p
n(Λ)] , (34)
where
θ(x) = 2 arctan (x) (35)
and the root densities for particles and holes obey (see (5.41) of [10])
ρp(k) + ρh(k) =
1
2π
+ cos k
∞∑
n=1
∫ ∞
−∞
dΛan(sin k − Λ) [σ′pn (Λ) + σpn(Λ)] ,(36)
σpn(Λ) = − σhn(Λ) + s ∗
(
σhn+1 + σ
h
n−1
)∣∣∣
Λ
+ δn,1
∫ pi
−pi
dks(Λ− sin k)ρp(k) , (37)
σ′pn (Λ) = − σ′hn (Λ) + s ∗
(
σ′hn+1 + σ
′h
n−1
)∣∣∣
Λ
− δn,1
∫ pi
−pi
dks(Λ− sin k)
(
ρp(k)− 1
2π
)
(38)
with
ηn(Λ) =
σhn(Λ)
σpn(Λ)
, η′n(Λ) =
σ′hn (Λ)
σ′pn (Λ)
, ζ(k) =
ρh(k)
ρp(k)
. (39)
As ζ(k) = O (exp(−u/T )) we can drop ρh(k) from equation (36) and substitute the
resulting equation into (37) and (38). We obtain the following result for the driving
term ∫ pi
−pi
dks(Λ− sin k)ρp(k) =
∫ pi
−pi
dk
2π
s(Λ− sin k) = σ0(Λ) . (40)
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The temperature-independent contribution to the particle and hole root densities is
obtained by using (21) and (24) and then solving the resulting sets of coupled linear
integral equations. We find
σ′p,hn (Λ) = O (exp(−u/T )) (41)
and
σpn(Λ) =
∫ ∞
−∞
dω
2π
J0(ω) exp (−iωΛ)
2(n+ 1)
[
exp(−nu|ω|)
n
− exp(−(n + 2)u|ω|)
n+ 2
]
+O (exp(−u/T )) (42)
= − 1
2π(n+ 1)(n+ 2)
Re

 1√
1− (Λ− i(n+ 2)u)2


+
1
2πn(n+ 1)
Re

 1√
1− (Λ− inu)2

+O (exp(−u/T )) . (43)
Substituting (43) back into (34) we obtain the temperature-independent contribution
to the dressed momentum
p(k) = k +
1
2
arcsin

 2 sin k√
4u2 + (sin k + 1)2 +
√
4u2 + (sin k − 1)2

 . (44)
We note that the physical momenta of holons (h) and anti-holons (h) are obtained from
p(k) by ph(k) = π/2− p(k) = ph(k) + π.
3.4. Effective dispersion for strong coupling
The effective dispersion is given implicitly by equations (33) and (44). In order to have
a consistent expansion for the Hubbard model in the spin-disordered regime, we need
to truncate these two equations at order 1/u because the next subleading temperature-
dependent contributions are of the order 1/(uT ). Hence, the effective dispersion in the
spin-disordered Hubbard model is given by
κ(0)(p, u) = −2u− 2 cos p− 1
4u
(3− 2 cos2 p) +O
(
u−2
)
. (45)
For the Hubbard model at zero temperature we find instead
κ0(p, u) = −2u− 2 cos p− ln 2
u
(3− 2 cos2 p) +O
(
u−2
)
. (46)
Both formulae can be cast into the form
κ(p, u, T ) = −2u− 2 cos p− 1
4u
(1− 4γs(T )) (3− 2 cos2 p)+O
(
u−2
)
, (47)
where
γs(T ) = 〈SˆiSˆi+1〉s (48)
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denotes the nearest-neighbor spin correlation function in the Heisenberg model at
temperature T . Thermal averages of operators Aˆ over spin configurations are defined
by
〈Aˆ〉s =
Tr
[
exp
(
−βHˆHeis
)
Aˆ
]
Tr
[
exp
(
−βHˆHeis
)] (49)
with the Heisenberg Hamiltonian (see Appendix 2.A of [10])
HˆHeis =
∑
i
4t2
U
(
SˆiSˆi+1 − 1
4
)
. (50)
In fact, we have γs(T = 0) = 1/4 − ln(2) from the Bethe-Ansatz solution of the
Heisenberg model [19] and γs(T = ∞) = 0 for uncorrelated spins. Results for all
temperatures can be found in Refs. [20, 21].
The result (47) can be obtained within the 1/U -expansion [7]. This approach can
be used here because the one-dimensional lattice is a Bethe lattice with coordination
number Z = 2. To leading order in 1/u we must treat the Hamiltonian
hˆ1 = − 1
U
Pˆ0Tˆ Pˆ1Tˆ Pˆ0 , (51)
where Pˆ0 projects onto the subspace of zero double occupancies. At half band-filling,
hˆ1 reduces to the Heisenberg model (50). The internal energy density of the Heisenberg
model is given by
es(T ) =
1
u
(
γs(T )− 1
4
)
, (52)
and can be calculated analytically in terms of the Thermodynamic Bethe Ansatz [15, 22]
or, equivalently, via the solution of a set of coupled integral equations [23].
For the derivation of the effective dispersion we have to solve (see (43) of [7])
U
L
∑
j,σ
〈
cˆ+j,σ
(
hˆ1 − Les(T )
)
cˆj,σ
〉
s
=
1
L
∑
j,σ
〈
cˆ+j,σ
[
g1,2(hˆ0)
2 + g1,0
]
cˆj,σ
〉
s
= 2g1,2 + g1,0 , (53)
where hˆ0 describes the the hopping of holes in the spin background, hˆ0 = Pˆ0Tˆ Pˆ0. The
expectation value on the left-hand-side of (53) is readily calculated so that we find
− 8
(
γs(T )− 1
4
)
= 2g1,2 + g1,0 (54)
as our first equation. The second equation we obtain from the solution of eq. (44) of [7],
U
L
∑
j,σ
〈
cˆ+j,σ
(
hˆ1 − Les(T )
)
(hˆ0)
2cˆj,σ
〉
s
=
1
L
∑
j,σ
〈
cˆ+j,σ
[
g1,2(hˆ0)
2 + g1,0
]
(hˆ0)
2cˆj,σ
〉
s
= 6g1,2 + 2g1,0 . (55)
The expectation value on the left-hand-side of (55) is readily calculated and we find
4
(
γs(T )− 1
4
)
= 2g1,2 (56)
One-dimensional Hubbard model in the spin-disordered regime 10
as our second equation. From this g1,2 = −(1 − 4γs(T ))/2 and g1,0 = 3(1 − 4γs(T ))
result, and the effective Hamiltonian for the motion of a single hole in a spin background
becomes
hˆeff = hˆ0 + (1− 4γs(T ))
(
−(hˆ0)2/2 + 3
)
U
+O
(
U−2
)
. (57)
Replacing hˆ0 → −ǫ(p) = 2 cos p and ω + 2u = −hˆeff as in [7] we find for κ(p, u, T ) ≡ ω
κ(p, u, T ) = −2u− 2 cos p− 1
4u
(1− 4γs(T )) (3− 2 cos2 p)+O
(
u−2
)
, (58)
as used in (47).
From the 1/U -expansion we can determine the density of states of the lower
Hubbard band. As in [7] the shape-correction factor to first order is found to be
s(ǫ) = 1− (1− 4γs(T ))ǫ/U so that we find [α(T ) = 1− 4γs(T )]
D
(1)
LHB(ω) =
∫ 2
−2
dǫρ0(ǫ)
(
1− α(T ) ǫ
U
)
δ
(
ω + U/2 + ǫ+ α(T )
6− ǫ2
2U
)
= ρ0
[(
U −
√
(1 + α(T ))U2 + 2α(T )Uω + 6α(T )2
)
/α(T )
]
,(59)
where ρ0(ǫ) = 1/(π
√
4− ǫ2) for |ǫ| < 2 is the density of states for non-interacting
electrons and ω− < ω < ω+ with ω± = −U/2 ± 2 − α(T )/U . In particular, for the
single-particle gap we find
∆(1)(u, T ) = −2ω+ = 4u− 4 + 1− 4γs(T )
2u
, (60)
up to and including the first order in the strong-coupling expansion.
Finally, we note that the momentum distribution can also be determined along
these lines. We find
〈nˆp〉s =
∑
σ
〈nˆpσ〉s = 1− cos p
2u
(1− 4γs(T )) +O
(
u−2
)
, (61)
in agreement with eq. (3.2) of Ref. [24].
3.5. Internal energy
We must evaluate (13) in the spin-disorder limit. We have
eα ≡ T 2 ∂α
∂T
≈
∫ pi
−pi
dkρ0(k)κ
(0)(k, u) , (62)
eβ ≡ T 2 ∂β
∂T
= 0 . (63)
The latter follows from the fact that η′1 is independent of temperature. This leads to
the following expression for the internal energy
e(T, u) = − u−
∫ ∞
0
dω
ω
J0(ω)J1(ω) exp (−2uω) +O(1/Tu)
= − 2u
π
E
(
− 1
u2
)
+O(1/Tu) ≡ e(u) +O(1/Tu) . (64)
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From the internal energy we can derive the average double occupancy, d(u) =
(1/4)(∂[e(T, u) + u])/(∂u), as
d(u) =
1
4
− 1
2π
K
(
− 1
u2
)
+O(1/Tu) . (65)
Here K(m) and E(m) are the complete elliptic integrals of the first and second kind,
respectively. The internal energy is to be compared to the ground-state energy of the
Hubbard model at half band-filling
e0(u) = −u− 4
∫ ∞
0
dω
ω
J0(ω)J1(ω)
1
1 + exp (2uω)
. (66)
The average double occupancy for the Hubbard model at zero temperature follows from
the derivative of (66) with respect to the interaction strength.
4. Zero-temperature interpretation
4.1. Mott–Hubbard transition
Now we interpret our results in terms of a putative one-dimensional interacting-electron
system at zero temperature. In practice, we use the results for the temperature-
independent contributions to the internal energy and the effective dispersion derived
for the spin-disorder regime in the Hubbard model, J ≪ T ≪ ∆, for any value of U .
Our motivation are studies of the Hubbard model in infinite dimensions where the Mott–
Hubbard insulator is in the spin-disordered phase above the Mott–Hubbard transition.
In order to model such a situation in a one-dimensional system one would need to take
the limit T → 0 after letting J → 0. Of course, this is not possible for the Hubbard
model.
The one-dimensional Hubbard model at half band-filling describes a Mott–Hubbard
insulator for all U > 0, i.e., the gap ∆0(U)/2 for single-particle charge excitations is
finite, ∆0(U) = −2κ0(±π, U). From (32) we have
∆0(U) = 2
[
−2 + U
2
+ 4
∫ ∞
0
dω
ω
J1(ω)
1
1 + exp (Uω/2)
]
. (67)
For U → 0, the gap is exponentially small whereas it increases linearly with U for large
interactions. The transition at Uc = 0
+ is readily understood as the consequence of the
perfect-nesting property in one dimension so that the (marginally) relevant Umklapp
scattering processes drive the system into the insulating phase for all U > 0.
In our putative interacting-electron system these scattering processes are rendered
ineffective by the random spin background which, at zero energy cost, provides a
mechanism to dissipate momentum in scattering processes involving charge degrees of
freedom. Therefore, we expect that the charge gap will open at a critical interaction
strength. Indeed, from (30) and (33) we find
∆(U) = 2
[
−2 + U
2
+
∫ ∞
0
dω
ω
J1(ω) exp (−Uω/2)
]
= −4 +
√
U2 + 4 . (68)
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The gap opens linearly with slope
√
3/2 at
Uc = 2
√
3 =
√
3
2
W ≈ 0.866W , (69)
where W = 4 is the bandwidth of the Hubbard model. The gap is shown in Fig. 2.
3.4 3.5 3.6 3.7 3.8
U / t
0
0.05
0.1
0.15
0.2
0.25
0.3
∆(
U
)
: exact
: first order
: third order
U
c
U
c
(1)
U
c
(3)
Figure 2. Gap for single-particle excitations as a function of the interaction strength U
for the interacting-electron system with a disordered spin background at half band-
filling.
4.2. Average double occupancy
We expect that physical quantities such as the average double occupancy display
unphysical behaviour in the region U < Uc. In fact, d(u) contains a term proportional
to u ln(u) so that its derivative diverges logarithmically for u→ 0. This diverging slope
is seen in Fig. 3 where we compare the average double occupancy of the interacting-
electron system with a spin-disordered background with the double occupancy of the
Hubbard model.
4.3. Strong-coupling expansions
The internal energy of the Hubbard model at zero temperature and in the spin-
disordered case can be expanded in powers of 1/U . In both cases, the radius of
convergence is given by U eR = 4, see (6.83) of [10] for e0(u) and (17.3.12) of [25] for
e(u). Explicitly,
[e(U) + U/4]/U =
∞∑
m=1
a2mU
−2m
= − 1
U2
+
3
U4
− 20
U6
+
175
U8
− 1764
U10
+
19404
U12
± · · · . (70)
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Figure 3. Average double occupancy d0(U) of the Hubbard model at half band-filling
as compared to d(U) (65) for the interacting-electron system with a spin-disordered
background.
In (52) we determined the coefficient a2 = −1 within the 1/U -expansion. From the
coefficients a2m, one may actually deduce the radius of convergence of the series, as
done in [8], by extrapolating the ratio of the coefficients r(m) = |a2m/a2m−2| (m ≥ 2)
for m→∞. In our case r(m) = 4(2m− 1)(2m− 3)/m2 is a second-order polynomial in
1/m and we correctly find
U eR = limm→∞
(√
r(m)
)
= 4 . (71)
Note, however, that the radius of convergence of the energy is not related to the critical
interaction strength of the metal-insulator transition, Uc = 2
√
3. Therefore, it may also
be doubted that this approach [8] is justified for the case of the infinite-dimensional
Hubbard model.
In contrast to the internal energy, the series expansion of the gap in the spin-
disordered Hubbard model converges for U > UgapR = 2. The first terms of the expansion
read
∆(U) =
∞∑
m=−1
bmU
−m = U − 4 + 2
U
− 2
U3
± · · · . (72)
In (60) we determined the coefficients b−1 = 1, b0 = 4, and b1 = 2 within the 1/U -
expansion.
Now that Uc = 2
√
3 is larger than the convergence radius of the series, UgapR = 2,
the gap opens linearly and the first few orders of the 1/U -expansion provide a good
description of the gap, as shown in Fig. 2. This is particularly true for the critical
values for the closing of the gap as inferred from the truncated 1/U -expansion. Let us
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denote by ∆(m)(U) the mth-order truncation of the series, e.g.,
∆(0)(U) = U − 4 ,
∆(1)(U) = U − 4− 2
U
,
∆(3)(U) = U − 4− 2
U
− 2
U3
, (73)
etc., and let U (m)c be the critical interaction strength at which the mth gap opens,
∆(m)(U (m)c ) = 0. We then find
U (0)c = 4 ,
U (1)c = 3.4142[1.4%] ,
U (3)c = 3.4717[0.2%] ,
...
Uc = 2
√
3 = 3.4651 . (74)
The numbers in square brackets give the percentage difference to Uc. It is seen that the
series converges very fast to the exact value. This observation supports the application
of this approach to the Hubbard model in infinite dimensions [5, 7].
5. Conclusions
We have analyzed the Thermodynamic Bethe Ansatz equations for the half-filled one-
dimensional Hubbard model in the spin-disordered regime, t2/U ≪ T ≪ U . We
have derived explicit expressions for the leading terms in the internal energy and the
dressed energy and momentum of the charge degrees of freedom. The resulting effective
dispersion of holons and anti-holons differs from the corresponding result in the half-
filled Hubbard model at zero temperature to order J = 4t2/U . This effect is due to the
coupling of charge and spin degrees of freedom and occurs at the expected energy scale.
We then interpreted the entire temperature-independent part of the effective
dispersion and the internal energy in terms of a putative interacting-electron system
at zero temperature. From these results we derived some implications for the analysis
of large-coupling expansions for the Mott–Hubbard insulator in infinite dimensions.
Moreover, our analytical result can be used to assess the quality of other approximate
schemes which describe the effective charge dispersion in a random spin background,
see, e.g., Ref. [26].
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